The weight of a path in a graph is defined to be the sum of degrees of its vertices in entire graph. It is proved that each plane triangulation of minimum degree 5 contains a path P 5 on 5 vertices of weight at most 29, the bound being precise, and each plane triangulation of minimum degree 4 contains a path P 4 on 4 vertices of weight at most 31. Keywords: weight of path, plane graph, triangulation. 2000 Mathematics Subject Classification: 05C10, 05C38, 52B10.
Throughout this paper we consider connected graphs without loops or multiple edges. Let P r (C r ) denote a path (cycle) on r vertices (an r-path and r-cycle, in the sequel). A vertex of degree m is called an m-vertex, a vertex of degree at least (at most) m is called a +m-vertex (−m-vertex).
The weight of the subgraph H in the graph G is defined to be the sum of the degrees of the
vertices of H in G, w(H) = v∈V (H) deg G (v). For a family G of graphs having a subgraph isomorphic to H, define the number w(H, G) = max G∈G min H⊆G w(H).
The exact value of w(H, G) is known only for a few graphs and families of graphs. For G(3) the family of all 3-connected plane graphs, Ando, Iwasaki and Kaneko [1] proved that w(P 3 , G(3)) = 21. From the result of Fabrici and Jendrol' [5] it follows that w(P k , G(3)) ≤ 5k 2 for k ≥ 1; also, they gave a lower bound for this number as a function of order O(k log(k)), see [6] . Recently, the upper bound 5k 2 was improved to 5 2 k(k + 1) for k ≥ 4, see [11] . For P Ham the class of all hamiltonian plane graphs, Mohar [12] proved the exact value w(P k , P Ham) = 6k−1. For G (5) and T (5) the families of all connected plane graphs/triangulations of minimum degree 5 and subgraphs other than a path, the known exact values are w(
In the following we deal with the weight of paths P k in the graphs of the families T (4) and T (5) (plane triangulations of minimum degree 4 and 5). It is known that w(
). The aim of this paper is to improve the best known upper bound for w(P k , T (4)), w(P k , T (5)) for small values of k, showing the following
P roof of T heorem 1. To prove first the inequality w(P 5 , T (5)) ≤ 29 suppose that there exists a graph G ∈ T (5) in which every path P 5 has a weight w(P 5 ) > 29. We will use the Discharging method. According to the consequence of the Euler formula,
Now, we define a local redistribution of charges in a way such that the sum of the charges after redistribution remains the same. This redistribution is performed by the following We will show that, after redistribution of charges, the new charges ϕ(x) are non-negative for all x ∈ V (G). This will contradict the fact that
To this end, several cases have to be considered. Case 1. x is a 5-vertex. Then x is adjacent to at least two +7-vertices (otherwise, it is adjacent to at least four −6-vertices and there exists a path 
To prove that the upper bound is best possible consider the so called edgehexagon substitution by which a given plane map G is transformed into the following plane map G : Let every x ∈ V (G) be also a vertex of G . Assign to every incident pair (x, α) of a vertex x and a face α of G a new vertex of G . Connect two vertices x 1 , x 2 ∈ V (G ) by an edge iff either x 1 , x 2 are assigned to (x 1 , α 1 ), (x 2 , α 2 ) with (x 1 , x 2 ) ∈ E(G) and with α 1 = α 2 , or if x 1 is assigned to a pair (x 1 , α 1 ) where x 2 = x 1 , see Figure ( We use again the Discharging method. As before, the initial assignment of charges is µ(x) = deg G (x) − 6 for each vertex x ∈ V (G). The local redistribution of charges is based on the following rules: Case 3. Let x be a 4-vertex. Then x is adjacent to at least two +10-vertices (otherwise it is adjacent to at least three −9-vertices and we can find a 4-path of weight of at most 9 · 3 + 4 = 31). If x is adjacent to at least three +10-vertices then µ(x) ≥ −2 + 3 · 4 5 = 2 5 > 0; so, suppose that x is adjacent to exactly two +10-vertices u, v. If both u, v are +21-vertices, or one of them is +21-vertex and the degree of another one is between 11 and 16, or both their degrees are between 11 and 16, then u and v send 1 to x (see Table) and µ(x) ≥ −2 + 2 · 1 = 0. Hence (without loss of generality) it is enough to consider the following possibilities for degrees of u, v (denote y, z the remaining neighbours of x): Case 3.3e. y is a 4-vertex, z is a 6-vertex and they form a triangular face with x. Then u, v are +18-vertices. Let u be adjacent to y and v to z. Since every neighbour of z, except x and y, has to be a +18-vertex, v has at least six +6-neighbours and it sends at least 1 to x. If u is a 20-vertex, then it has also at least six +6-neighbours, thus µ(x) ≥ −2 + 2 · 1 = 0. So suppose that u is 18-or 19-vertex not having at least six +6-neighbours. If u is a 18-vertex, then every its neighbour, except x and y, has to be a +6-vertex (otherwise a 4-path of weight of at most 2 · 4 + 18 + 5 = 31 can be found), so u even sends at least 2 to x and clearly µ(x) > 0.
Case 3.4. The degree of u is between 17 and 20, the degree of v is either between 11 and 16, or is at least 21. According to the similarity to case 3.3 (note that v always sends at least 1 to x) it is enough to consider the cases when y or z are neither +7-vertices nor −5-vertices, that means, (deg G (y), deg G (z)) ∈ {(4, 4), (4, 6) , (6, 4) , (6, 6) }. In these cases, it is routine check to prove that u has at least 6 +6-neighbours, or we obtain a similar situation as in 3.3e, so µ(x) ≥ 0. 
